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Abstract—n-D system has been very interesting areas from
several past decades, due to its various applications. These
n-D systems are not easy to represent compare to 1D system.
There are several methods that has been used to overcome
any problem but among them state space model based
methods has accurate solution compare to others. In past
few years, Two-dimensional (2-D) discrete Systems have
attracted due to their effectiveness in describing systems in
several modern engineering fields like image data
processing and transformation, thermal processes, water
stream heating, etc, out of available space state models.This
paper review and compare different 2-D state space models.
From comparative analysis we are going to show which
model is best usable for which application. And also we
have done stability analysis by using our derived criteria
and try to conclude the best model in terms of stability.

Indexed Terms —Models; Two-dimensional; Control;
State-Space; Givone-Roesser(GR); Fornasni-Marchesini
(FM);

I. INTRODUCTION

State Space methods are widely used in the study
of single-dimensional scalar and multivariable
systems. The procedure involved will provide insight
into the internal interaction of the system which is
under consideration, and enables important structural
information, stability, and response predictions to be
established while accomplishing an efficient
computational form for intended purpose.

Indeed, many computer-aided control system
design packages are based entirely on state-space
techniques where numerical operations on matrix
number arrays are mainly required. State-space
descriptions are effective in different kinds of analysis
like, in transient and frequency response calculations,
stability assessment, model reduction, and conformal
mapping techniques.

The possibility of employing state-space
realization for multidimensional control systems is
obviously worth investigating as the great efficiency
and flexibility in the approach and the substantial
computational advantages it offers.

Nowadays, 2-D Systems has its demands in various
applications in important area like image processing,
signal processing, multi-dimension

Filtering, thermal processing, gas absorption, water
steam heating, seismographic data processing [1].
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There are several methods available which used to
represent operation involved in 2-D systems. State
Space model gives best utility in analysis as well as
formulation of linear 2d systems, we can use non-linear
systems also in state space models, using filters such as
Kalman filters (EKF), and unscented Kalman filters
(UKF).

During last three four decade years many authors
like Attasi, Fornasini-Marchesini, Rosser, Givone-
Rosser, have proposed different state space models.
Out of which Fornasini-Marchesini (FM) models and
Givone-Rosser models are very basic models. Among
both model R and FM-2 are best model that we will see
in our paper.

Rest of the paper will proceed as follows. Section
Il representation of basic State Space systems is done.
Section 111 presents the famous State-Space models in
detail. In Section IV we are doing comparison between
these models. Section V shows the Conclusion of this
paper followed by the reference section.

Il. STATE SPACE SYSTEMS REPRESENTATION

State Space representation of a physical system is a
mathematical model that can be represented as a set of
state variables, input and output related to the 1% order
differential equation [2].

State space system is the concepts of the state of
dynamic system refer to a minimum set of variables
which fully describe the system and its output to any
given set of inputs.

Input Vector. u Output Vector, y

uft) ¥ ¥ System Describe by State > y1{f)
5 Variable >
> . :
u, () 2 {X1, X2, vorer s Ku) . > Yt

Figure 1: System inputs and outputs.

Knowledge of state space variable (X1, Xz... xa), and
the input u(t) of a state determined system, is sufficient
to the determine all future behaviour of it.
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These are equations which have been used A. Attasi Model

throughout system dynamics. These first order
differential equations know as state equations, where
time derivative of each state variable is expressed as
state variable xi(t)...xn(t) and the system inputs ua(t)
....ur(t) in the general form of the n state equation is
below.

Xlz fl(X,U,t)
Xy = fo(X,u,t)

- ()

X, = f(x,u,t)

Where xi:% and (i = 1,...,n) for

fi(x,u,t), it can be general nonlinear system or time
varying function of state variable.

The differential equation for any network
can be written as,

X (t) = Ax(t) + B u(t)
(2
y(t) = C x(t) + D u(t) )

State equation of any system is represented
by the first order differential equation as given in
(2) where the vector X(t) is the state vector, and
1(t) is the input vector. Equation (3) is referred to
as the output equation where, the state matrix is
given by A, Input matrix by B, output matrix by C,
and D is the direct transition matrix.

Advantage of the state space method is that
the digital and analogue computation methods form
a lends itself easily to the solution of it. Further, the
analysis of nonlinear systems can also be done by
extending the state space method .1t is well known
that, it is very difficult to obtain a minimal state-space
realization in the 2D case except for some special
categories of 2D systems unlike the one-dimensional
(1-D) case. So, it is desirable to obtain a state-space
realization with as low order as possible, for a general
2-D transfer function or transfer matrix.

I1l. FAMOUS STATE-SPACE MODELS

There are several state space models are developed
among them Attasi, Fornasini-Marchesini, Givone-
Roesser, Roesser model are the famous models for 2-
D state space for system analysis, and solving

problems of controllability and stability like
parameters.
IRE 1700143

The attasi model is useful for image processing
where it belongs to a large class of double indexed
sequences. It is the first model Described for the 2-D
State space modelling and also consider as a special
case of model given by Fornasini and Marchesini. A 2-
D Attasi model [3] is described by the equations,

Xip1,j41 = —A1dAxXipq + ArXipqj + Az jeq + By
Yij = Cxij + Duy; 4)

Where i,jeZ, (the set of non-negative integers).
Here x (i, j)eR™is the local state vector, u(i, j)eR™ is
the input vector, y(i,j)eRPand is the output vector,
and Ay, Az, B, C, D are real matrices. The model was
introduced by Attasi in “Systems laniaries
homogeneous a deux indices,”.

. Fornasini-Marchesini Model

There are two FM models are available, these
models were developed by Ettore Fornasini and
Giovanni Marchesini. Among two models one known
as FM-1 and another known as FM-2 or FM second
model. Their main goal was to introduce state space
model for 2-D filter. Both models are very famous for
deriving stability and other criteria but among both
FM-2 models are best and famous because it is very
general model we can imbedded any model in to the
FM-2, Whereas FM1 has failed to some extent [5].

FMs Models were mainly developed for realization
of 2D spatial filters FMs models can be used for
stability purpose also, so these models are most
suitable for proving stability criteria for available 2D
system. There can be having various applications
where it uses because it is most general model.

a) FM-1 Model

This model was introduced in 1976, in that they
took problem of 2-D filter and input-output of such
system is represented by power series in two variables
and nerode space is generated, state space is general
and infinite dimensional. For rational power series the
dynamics of the filter is described by updating
equations on finite-dimensional local state space.

By this model they are first to realised the
difference between 1D and 2D system. They have
given global state and local state concept for 2D
system. Where global state is infinite in dimension that
preserve all the past information and local state gives
recursion to perform each step in 2D system [4].
However, Fornasini and Marchesini failed to exploit
fully the structure of the global state’s relation to the
local state, so it is the unsatisfactory state-space model
that they introduced [4].
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FM-1 model system can be given by the
following figure,

X(i0)

X(i#1j#1) =y X(j+1) Z ]

h

Fig. FM-1 System

With modeling equation,
Xiy1,j41 = AoXip1,j + A1Xipr; + Azx; joq + Buy;
yij = Cx;; + Duy; ®)

where, i, jeZ, (The set of nonnegative integers)
here x;;eR™ is the local state vector, u;;eR™ is the
input vector, y;;eRP is the output vector, A, (k =
0,1,2),C, D are real matrices [1].

There are also certain advantages of the first FM
model i.e., the well-known Attasi state-space model
have some special structural advantages for first FM
Model. The Attasi model can’t be realized using FM-2
model. It can only be realized using the first FM model.
But there is still some advantage of using FM-2 model
mostly as compare to FM-1 that we will see in next
section.

b) FM-2 Model

This model was introduced because FM1 model
was not generic to do analysis for all the T.F or
differential equations. So in 1978, they introduced
FM2 model which is based on FM1 but they have given
new model which is general in use. They extended
FM1 concepts of local reachability and observe ability
and their properties.

Then the definition of internal stability will be
naturally introduced and we shall develop a stability
criterion and connections between internal and
external stability. They conclude that we can embed
any model in this model. Any causal system (not
strictly causal) can be embedded in this model.

FM2 model uses modelling equation,
x(@+1,j+1)=Ax,j+ 1)+ A,x( + 1,))
+ Byu(i,j+ 1)+ Bu(i+1,j)
z(i,j) = Cx(i,j) + Du(i, )) (6)

wherei, jeZ,, x(i,j)eR™is  the local state
vector,u(i, j)eR™ is the input vector, z(i, j)eRP is the
output vector, A, (k = 1,2), C, Dare real matrices [5].

FM-2 model is more satisfactory in terms of
Stability as compare to the FM-1 model [6]. It also a
more general model as compare to FM-1.
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C. GIVONE-ROESSER MODEL

This state space model was developed by Donald
D. Givone and Robert P. Roesser in 1972. This model
was developed fortwo-dimensional linear iterative
circuits. Linear Iterative circuits are similar in nature to
sequential machines with an added generality of
existing over more than one dimension. Most of the
industrial applications are involved in same executing
operation for many times over a fixed interval, when
each operation is complete. It will reset the staring
location takes places and go for next operation. These
types of applications are lterative system; they are
widely using in robotics, hard disk drives, chemical
batch process, and urban traffic systems.

The GR model is given by,

(otir+ )

(eeh aien)Gap) + (aip) v
()

Where x is local state, x" an n-vector is horizontal

state, X an m-vector is vertical state. u(i, j) € R™ is
the input vector, and Al, A2, A3, A4, B1, B2, are real
matrices [7].

As per Givone-Roesser (GR) model sufficient
condition for 2-D system stability is,

P, 0 T
(0 PZ)_A (P1+P2)A>O,

®)

Givone-Roesser is the most satisfactory in that
respect; it is also the most general since the Attasi and
Fomasini-Marchesini models can be imbedded in the
Givone-Roesser model [5].

D. ROESSER MODEL

This model was introduced in 1975 by ROBERT P.
ROESSER, it is developed for application of image
processing to overcome various problems in image
processing and analysis of image. There are several
ways has been used for representation of image
processing, like partial differential equations, transfer
function, convolution summations.

This ways can be help to solve problem of image
processing. The two-dimensional Fourier transform is
given by the transfer function which relates an output
image to that of the input image. Complex optical
systems are easily described by combinations of
transfer functions that correspond to individual
components of the optical system i.e. partial
differential equations used by habib to describe a
model estimation of noise corrupted images by this
model correspond extension to kamal filter. This time-
discrete state-space model offers great utility in the
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formulation and analysis of systems for linear image
processing [8].

Linear system that describe by T.F and convolution
summation or partial differential equations are easily
formulated in state space model. Once formulate many
know technique can be apply to that model for analysis.
He developed a discrete model of time-discrete
systems that closely parallels the well-known state
space model for linear image processing. Because of
this parallelism many known concepts of the temporal
model may be carried over to the spatial model, which
is done by generalizing two coordinates in space from
a single coordinate of time. The spatial model will
hopefully have some of the same utility that of
temporal model for one-dimensional linear systems in
unifying the study of two-dimensional linear systems

[1].
Roesser model ismodel by following equations,
h . .
. x"(,7)
x(i,)) =( 7 ) 9)
x"(L,))
where x is local state, x" an n-vector is horizontal
state, XV an m-vector is vertical state.

(xh(i + LJ’)) _ (Al(i,j) Az(i:j)> (xh(i.j)) 4

xU(,j+1) A3(L,])  Al(L,))) \x"(i,))
By )\ . .
<B; @i, j)) u(t)) (10)
SN x"(i, j) .
y6i) = (€6 (o ) +outi. @y

u(i,j)eR™ is the input vector, y(i,j)eRP is the
output vector and Al, A2, A3, A4, B1, B2, C, D are
real matrices [5].

Roesser model is most general model in 2-D state
space model. [5] Proved that model like FM and Attasi
can be embedded in the Roesser model so there is not
loss of generality. Rosser model has local state which
is divided into horizontal and vertical state which gives
the size of recursions to be perform each step. FIR, lIR
can also be realized using Rosser model [9].

IV. COMPARISION

So, Based on our Study of different State Space
model now we will see the general comparison of these
models and we will also see the comparison based on
their use, application, and soon, [10,11]. The
Comparison is telling us about the basic Difference
between these models and it also tells us that which
model is best suitable for which application. So, below
table will gives us the idea about the basic difference
between these models.

IRE 1700143

Table 1. General Comparisons

FM-1 FM-2 GR R
Uses the | Uses the | Uses Circuit | Uses Circuit
algebraic point of | algebraic approach to | approach to
view of Nerode | point of view | solve the | solve the
equivalence. of Nerode | problems problems
equivalence.
Introduce a It also Has local state | yas local
Global statg and Introduce a \_Nhlch is d_lVlded state which is
local state in the | |gpal state | INt0 horizontal | Givided in to
2-D case. andlocal | @nd  vertical | horizontal
(Global state is | stateinthe2- | sate. ( Local | ang  vertical
infinite D case [12]. | state gives the | gige.
dimension  and size of
store past recursions to be
information,) perform  each
step)

Not a general

Most General

Not a general

Most General

model(Because models(Can model models(Can

not including all | embedded embedded

the causal TFs) | other models other models
in This) in This)

The succeeding | The

state  (i+1,j+1) | succeeding
depends on state | state (i+1,j+1)
@i,)),(i,j+1) and | depends on
(i+1,)). state  (i,j+1)

and (i+1,)).

Table | is analysis of models in general forms. In point
of stability we can differentiate stability in as table Il
for FM2 and I11 and 1V is comparison of for GR model
with existing and proposed model. Where stability
criteria is discussed based on computational
complexity, When we use Matlab LMI toolbox for
solving derived stability criteria, at that time
computational complexity of stability criteria means
how much effort has been taken by processor to solve
it.. i.e. suppose if we have derived two stability criteria
and also we have taken stable system to check it, if the
Matlab LMI result shows for Table Il and 1V shows
existing and proposed method comparison in that we
have only two stability criteria which give more
efficient result than existing.
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Table 2. Stability Analysis of Fm1 Model [6]

Proposed Method Proposed Method Result(I1) Comment
Result(l)
Stability / —-P PA 0 PH\ /P1 — & ETE, 0 ATP  PH, PHZ\ Existing
T
criteria AP —Q eET 0 | 0 P —eE{E;  ALP 0 0 Result is
- >
H(;P eOE e 0 PAy PA, P 0 o |0 not
0 —el H{P 0 0 &l 0 )
HIP 0 0 0 &l available
>0
Computational Less More Result -1 is
complexity, better
memory
(please
refer next
Speed More less lide)
slide
Gap Between More Less Result-11 is
Necessary and better
sufficient
conditions
Ease of yes yes Better due
handling to Matlab
algorithm for LMI
stability toolbox
criteria
Table 3. Existing Result [14] Table 4. Our Results
NUMERICAL RESULTS,
Cor | Thm 3 Thm 6 Thm 2 Thm 4 | Thm 3 . .
Ex\Thm suff cond, | suff cond. | suffcond. | suffcond. | neccond. | suff cond Conclsion EX\Thm Thm 1 Thm 2 COHCIUSlon
GG ‘ Stable
oI 1 V - stable
1 (3140 Stable
0924
e 2 x \/ stable
ol @M | @ | mosy Siable
4 114 3 \ stable
o 013
@i s 3w | 0% Stable _
@) 1512 #1492 4 ol stable
0360 16043
SOl W | @ mna | A LI Unstle 5 - - unstable
(4)6.245 (4)6.195
b R — 6 N N stable
§ | @240 @89 | ass |1 0259 0742 | Suble
231 #2253
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Table 5. Stability Analysis [7]

Proposed Proposed Method(l11) Existing comment
Method(l) Methods
Sta-bilij[y (14_:)}1)’ ZE f%f PgH) /Pl—lef%—&EgTEg szezEzT[?ZfaEI& jgg ﬁo“z 0 PgH § §\ Total six Proposed meth.oq is
Criteria >pr 0 0 -k ! o g p o ’82 P, Pzéa! result LMI based, existing
| 0 o 9 e o o J method is linear
\ 0 0 HIP, 0 0 &l 0
0 o H[p, O 0 0 &l algebra based
Computational Less More Much Existing Method
complexity, more(Total required to six
memory Six algorithms in contrast
algorithm) to only two for
Speed More Less proposed method, in
terms of memory
Result —I is better
Gap between More Less Much Purposed method
necessary and more result-11 is better than
sufficient result-1 and existing
Conditions method
Ease of Yes Yes No Proposed methods use
handling LMI approach which
algorithm for helps to get fast and
stability accurate result
criteria
Table 111 and 1V shows existing and proposed method / 05 0 —0.015 0.25 \
comparison in that we have only two st.ab.lllty criteria o 025 05 0 0015
which give more efficient result than existing. A, = ,
—-0.015 0.25 0.5 0
Stability analysis example: 0 —0.015 0.25 0.5
B=(1 039 -1 045)7,
Borrowed example of [15] LSIV 2-D Attasi’s model C=(1 -1 -1 1),
filter (PSV system) using circulant matrices to test our A =4 andC=C
derived stability criteria. 05 05 0 —05
05 —05 0125 -0.125 4,000y = [ =05 05 05 05
4, =|("0125 05 —05 0125 297 o -05 05 05)
— — 0.5 0 —-0.5 0.5
0.125 0.125 0.5 0.5 05 0 0505
-0.5 0.125 —-0.125 0.5
4,00,1) = 05 05 0 05
2 05 05 05 0/
0 05 05 05
B(00)=(-1 -1 -025 -1)
B(0,1)=(1 -025 -1 -0.5)7
Ay = A4,
IRE 1700143 ICONIC RESEARCH AND ENGINEERING JOURNALS 11
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Period of PSV in this case is 1:2.

for FM2:
where A; = A4,

05 05 0 -05
200 =| 5 g2 G5 s |- 420D
05 0 -05 05

05 0 05 05

05 05 0 05

05 05 05 o0/

0 05 05 05

AA = A(A4,A5(0,0))- A(A,,A,(0,1));
AA = HFE.

0 0 0 0 0 05 05 1
[0 0 0 0 1 0 05 0
A’4_00000.5100.5’
0 00 0 0505 1 0

after getting ,H F, E we can follow previous steps for
stability analysis.

for FM1:
A=(A0 Ay Az),
for R:
A A
A= ( 00 01)7
Ay An

values are available for FM1 and for FM2 as shown
previously, to convert FM1 matrices values in R Form
we have taken reference of [17] and converted in
suitable matrices form. FM1 and R are not
independent and can be mutually recasted.
FM1
Ex(i+1,j+1)=Ax(+1,j+1)+A,x(i +
1,7) + Ay (i,j) + Bu(i,j) + Bju(i,j+ 1) +

Byu(i + 1,)),
R
"G+ 1)\, (x"G)) .
E (x”(i,j + 1)) =4 <x”(i,j)>+Bu(l']) !

where E = Iy, N =t; +t,.

To convert FM1 in to R model we are assuming
horizontal vector £(i,j) = E'x(i,j + 1) — A1 x(i, j).
and equation of FM1 in R form would be
(In _Az) (f(i + 1J)>
o0 E J\x(G,j+1

~(n %) Gan)* @wen

taking this concept we get matrix ‘A’ for R which is,

A=
0.5000 0 -0.0150
D.2500 0.5000 1] -
-D0.0150 0.2500 0.50C0
0 -0.0150  0.2500

1.000! D.7500
-0.1363
0.1231

-0.5000

-0.5000
0.7500
-0.1563
0.1231

0.1231 =
-0.50C0

0.75C0 -
-0.15€3

1.00C

R R R R N I =]

bl
bl
bl
bl
0
bl
bl
bl

00000000

1.000C

using these matrices for FM1 ,FM2 and R stability
analysis has been done using previous steps available
in[16] for PSV system.
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0.2

0.0

0.5
0.1
0.1
0.5

a.7
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Table 6. Stability Analysis For Above Example

FM1 FM2

TH1 | TH2 | TH1 | TH2 | TH1

TH2

Stability x \ \ - \
condition

Such types of analysis have been done for check
stability criteria using our derived criteria.

V. CONCLUSION

This Paper Studied different state space models
with its basics. All the famous state space models are
discussed with its equations. The major difference
between famous state space models has been tried to
conclude, using stability analysis also we checked that
which model is best and drawback of some model was
discussed. How it can be applicable for n-D system it
was discussed. And we conclude that FM2 and R
model is best in terms of stability the ideas of
implementation on physical system of these models is
discussed. Various latest applications where this model
has been used and some criteria on which this models
depends for performing various task properly is try to
give.
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